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Abst rac t - -A  local homeomorphism (f,g) : N --~ L × M of connected topologicM manifolds is 
shown to be one-to-one if it is one-to-one on certain components of fibers f-1 (u) and g-1 (v), and 
satisfies a fiber overlap condition. This yields an analogue of Hadamard's theorem on proper local 
homeomorphisms that requires only partial properness (at the expense of an overlap condition). 
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1. INTRODUCTION 
Locally homeomorphic maps from ]~n to ]~ may fail to be globally one-to-one or onto, even for 
g °o maps with nowhere vanishing Jacobian determinant. A number of global univalence theorems, 
asserting that a locally invertible map is globally one-to-one, require only topological properties 
of the map. The prime example is a theorem attributed to Hadamard, which implies that a local 
homeomorphism of (connected topological) manifolds is a finite-sheeted covering map if and only 
if it is proper (the inverse images of compact sets are compact). If the target manifold is simply 
connected (e.g., ]~n or Cn), the map is one-to-one and onto if it is proper. 
In this paper, several global univalence theorems are proved for local homeomorphisms of one 
connected topological manifold to a product of two others. The term topological manifold refers 
to a topological space that is Hausdorff, locally Euclidean, and whose topology has a countable 
basis. (The standard Hadamard theorem holds for somewhat more general topologies.) Let 
h = ( f ,g )  : N --~ L × M be a local homeomorphism, with L, M, and N all connected topological 
manifolds. Let ~ be a connected component of a fiber of f. Let p, #r be any connected components 
of fibers of g. If 
(1) g is one-to-one on ~, 
(2) f is one-to-one on every # that intersects ~, and 
(3) g(#) = g(#') implies that f (#)  A f (# ' )  ~ ~, 
then it follows that h is globally univalent and g is simple (Theorem 3.2). The converse is also 
true. This global univalence theorem has a covering space generalization, in which injectivity is 
replaced by properness (Theorem 3.5). When L and M are also simply connected, an analogue 
of Hadamard's theorem, asserting that h is a global homeomorphism, is obtained (Theorem 3.4). 
All the results in this paper do not require the existence of any partial derivatives (all local 
homeomorphisms qualify), and the results apply to manifolds of arbitrary dimensions. Nonethe- 
less, there are fairly immediate applications to differentiable and polynomial maps, particularly 
in low dimensions. These are explored in the companion papers [1,2]. 
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2. OTHER GLOBAL UNIVALENCE THEOREMS 
Global univalence theorems establish that a map is one-to-one on its entire domain of definition. 
Parthasarathy's book [3] is a very useful survey of such theorems. Some theorems that have proved 
useful in applications (e.g., in economics) involve detailed consideration of the relations between 
the entries of the Jacobian matrix and assume both differentiability and a given coordinate 
system. At the other end of the spectrum of generality lies Hadamaxd's theorem [4], which 
is purely topological. Parthasarathy presents this and other global univalence theorems with 
topological hypotheses; properness or univalence on a subset of the space arises primarily for 
the boundaries of open regions. In contrast, in this paper the subsets on which the map must 
be injective or proper are a single selected fiber of a component map into the product target 
manifold, and the (transverse) fibers of the other component map that intersect he single fiber. 
3. MAIN  RESULTS 
DEFINITION 1. For any local homeomorphism X --+ Y ,  define the rank of  a point y E Y to be 
the cardinality of  its inverse image, and the rank of  the map to be the supremum of the ranks 
of  points y E Y.  I f  X has a dense open subset of  points whose images have rank r, say that the 
map has dense rank r. 
REMARK. The use of the word "rank" as above may raise objections. Certainly there are other 
uses of the word that conflict (e.g., rank as defined for for differentiable maps). No theorem 
mentions "rank" in its statement. 
The assertions in the rest of this paragraph are proved in detail in the Appendix. Let L, 
M, and N be connected topological manifolds of dimensions l, m, and n, respectively. Let 
h = (f, g) : N --+ L x M be a local homeomorphism (so that n -- l + m). Then there are foliations 
Z: and A4 of N whose leaves are the connected components of the fibers of f and g, respectively. 
Let A E £: be a fixed leaf, and let ~ be the union of all leaves # E A4 that intersect A. (The notation 
used here identifies a foliation, as a set, with the set of its leaves.) It is clear that ~ is pathwise 
connected. ~ is an open subset of N. The topological boundary 0~ of ~ is a closed subset of N 
that is A4-invariant (that is, it is a union of leaves # E A4). Call a point v E g(A) -- g(f~) a finite 
regular value of g if there are s < oo points on A with value v, and f has dense rank r < oo on 
each leaf # E A4 through such a point, and s and r are separately as large as possible (that is, 
s is the rank of g on A, and r is the supremum of the ranks of f on all leaves # of A4 contained 
in f~). Denote by V C_ M the set of all finite regular values of g. The final result proved in the 
Appendix is that if # C_ 0f~ is a leaf of A4 and g(#) = {v} for some v E V, then there exists a 
leaf #' E M such that g(#) = g(#') and f(#) M f(#')  = 0. 
The above results motivate the following definition of an irregular fiber of g. Let e = g- l (v)  
be a fiber of g. Let r = sup{rank f on # : # E M,  # C_ fl}, and let s be the rank of g on A. 
DEFINITION 
three types: 
• Type 1: 
• Type  2: 
• Type 3: 
2. The fiber e of  g is irregular (for the given choice of  A) i f  it is of  one of the following 
e is A-irregular i f  e M A # O, and e A A contains fewer than s points, or i f  s = oo; 
e is m-irregular i f  e M ~ contains a nonempty  relatively open set on which the rank 
o f f  is less than r, or if r = oo; 
e is aft-irregular i f  e contains leaves #, #' E .M with # C_ Of~, #' c_ ~ and f (#)  A 
f(#') = ¢. 
THEOREM 3.1. Let E be the union of  all the irregular fibers of  g. Then On C_ E.  
REMARK. This says nothing if s -- oo or r -- oo, because then every fiber is irregular. Otherwise, 
it is the last result from the Appendix. 
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The general idea in the remainder of this section is to look at conditions under which 0f~ can 
be shown to be empty, or at least "thin" in some sense. For instance, if N \ 0Q is connected, 
then it is an open set containing f~ in which f~ is open and closed (since 0f~ has been removed), 
and thus, by eonnectedness, it must be f~. So f~ = N \ 0f~, and hence f~ is dense in N. 
DEFINITION 3. A fiber e = g - l (v )  of g is an overlap fiber if  any two leaves Ix, ~' c_ e of Ad contain 
points p, p', respectively, with h(p) = h(p') (equivalently, f (p) = f (p') ). 
Clearly, for any choice of A, a 0fMrregular fiber must not be an overlap fiber. So if all fibers 
of g are overlap fibers, then there can be no irregular fibers of the third type. Recall also the 
following standard definition. 
DEFINITION 4. A map h : X --* Y of topological spaces is called simple if  the fiber h - l (y )  is a 
connected subspace of X for every y E Y. 
THEOREM 3.2. (Simple Univalence Theorem) Let h = (f,  9) : N --~ L x M be a local homeomor- 
phism of connected topological manifolds. Let A be a connected component of a fiber f - l (u ) .  
Then h is globally univalent and g is simple if  and only if  the following three conditions are 
satisfied: 
(1) g is one-to-one on ;~, 
(2) f is one-to-one on the connected components of fibers o f t  that intersect ;~, and 
(3) all fibers of t  are overlap fibers. 
PROOF. If h is globally univalent, conditions (1) and (2) must be satisfied. If g is also simple, 
then the fibers of g are connected and cannot contain two distinct leaves of A~, so all fibers of g 
are overlap fibers. Conversely, the conditions (1), (2), and (3) guarantee that s = 1, r = 1, and 
that  there can be no irregular fibers of types 1, 2, and 3, respectively. Since f~ is the union of 
the leaves of A,t that  intersect A, and f is injective on those, the injectivity of 9 on A guarantees 
that  of h on f~. Since E = ~, it follows that  0f~ = 0. Thus f~ is an open and closed subset of the 
connected space N, so f~ = N. But then h : N --~ L x M is globally univalent. Furthermore, the 
fibers of g : N --, M are the same of those of g : f~ ~ M,  so they are the leaves p of Ad that 
intersect ~ and thus connected. So g is simple. | 
Without  additional assumptions, this theorem can only be used to conclude injectivity, and not 
smjectivity, as can be seen by taking the Cartesian product of the identity on R l with a simple 
open embedding of R m into IR m (e.g., the exponential map for m = 1). The third condition is 
something of a novelty, but there are quite a few situations in which it follows automatically. For 
example: 
• g is known to be simple; 
• f is topologically dominant on each connected component of a fiber e; that is, the image of 
such a connected component is a dense subset of L. 
The following example shows just how badly the map can fail to be univalent if the third 
condition is violated. 
EXAMPLE 3.3. Let F : ]R 2 --~ ]R 2 be given by F(x ,y )  = ( f ,g)  = (eYcosx,  e~sinx) .  It is easy to 
check that  F is a local homeomorphism (the Jacobian determinant of F is -e2Y). All fibers of g 
are overlap fibers except g = 0. (On the fiber g = C ~ 0, f = Ccot  x, which assumes every 
real value on each connected component of the fiber.) The injectivity conditions (1) and (2) are 
satisfied. The image of F is the punctured plane ]R 2 \ {(0, 0)}, and every point in that  image has 
infinitely many inverse images, showing how dramatical ly far F is from being univalent. 
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The following is an analogue of Hadamard's theorem that assumes only partial properness. To 
conclude that h is homeomorphism, one assumes that both L and M are simply connected. The 
theorem applies, in particular, to maps ~n __~ Rl × Rm. 
THEOREM 3.4. (Paxtial Properness Theorem) Let h = (f, g) : N ~ L × M be a local homeomor- 
ph/sm of connected topological manifolds, with L and M simply connected. Let A be a connected 
component of a fiber f - l (u ) .  Then h is a global homeomorphism if and only ff the following 
three conditions axe satisfied: 
(1) g is proper on A, 
(2) f is proper on the connected components of fibers of g that intersect A, and 
(3) all fibers of g axe overlap fibers. 
PROOF. Since L and M are simply connected, the properness of g (on A) and of f (on the leaves/~ 
of AA in ~) imply that these maps are homeomorphisms (by the usual Hadamard theorem). Thus 
conditions (1), (2) and (3) of the Simple Univalence Theorem are satisfied, so h is univalent. 
Furthermore, g maps A onto all of M, and, for each value v E M, f maps the fiber g- l (v )  onto 
all of L. Thus h is onto as well, and hence it is a homeomorphism. The converse follows from 
the fact that if h is a homeomorphism, then each fiber of g is homeomorphic to L, and hence 
connected. | 
For L and M not necessarily simply connected, one has the following theorem. 
THEOREM 3.5. (Partial Covering Theorem) Let h = (f, g) : N ~ L x M be a local homeomor- 
phism of connected topological manifolds. Let )~ be a connected component of a fiber f - l (u ) .  
Suppose that 
(1) g is a covering map on A, with s < co sheets, 
(2) for each leaf# a_ f~ of ]vt, # n A contains the same number t of points, and f is a covering 
map on # with the same number < oo of sheets, and 
(3) all the fibers of g axe overlap fibers. 
Then h is a covering map with r(s/t)  sheets. 
PROOF. E is empty; hence ~ = N. In ~ there must be exactly s/t  leaves # for each possible 
value of g(#). On each such leaf, there are exactly r points with a given image under f .  This 
implies that h has constant finite rank on the base (that is, each point of L × M has the same, 
finite, number of inverse images), and hence is a covering map. Obviously the number of sheets 
is as stated. | 
REMARK. What counts in achieving constant rank for h is really only the fact that 5]{rank f on ~ : 
g(#) = v} is independent of v. 
To pursue the idea of the value of of having 0~ be a "thin" set, observe the following. If the 
conditions of Theorem 3.5 hold except for v in a "bad" closed subset F of M, then the theorem 
may apply to the induced map N \ g - l (F )  --+ L x (M \ F). If N \ g - I (F )  is connected, then h 
will certainly have the appropriate dense rank on N (as observed before, g/must be dense in N). 
Typical situations where this might occur are those in which the bad set is a closed locally finite 
union of submanifolds of codimension at least two (because such sets do not disconnect locally, 
and hence not globally). Thus one can apply Theorem 3.5, with care, to the case of branched 
covers. Note that if dense rank 1 is proved, global univalence is an automatic onsequence. 
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APPENDIX  
TOPOLOGICAL  ARGUMENTS 
This appendix provides detailed proofs of some assertions made earlier about the foliations of 
interest. A topological manifold is a topological space that is Hausdorff, locally Euclidean, and 
whose topology has a countable basis. (Note that connected + locally Euclidean together imply a 
countable basis.) Let L, M, and N be connected topological manifolds of dimensions I, m, and n, 
respectively. Let h = (f, g) : N ~ L × M be a local homeomorphism (so that n = l+m). There is 
a foliation £: of N whose leaves are submanifolds that locally coincide with the fibers f -1  (p), for p 
a point of L. This means that £ is a collection of disjoint (immersed, connected) submanifolds 
of N, each called a leaf of £, all of the same dimension (equal to m = n - 1), whose union is N, 
and such that every point p E N has a distinguished neighborhood U homeomorphic to an open 
cube I × J,  where I, J are open cubes of dimensions m, l, respectively, and the the "slices" 
I × {q} for q E J are the connected components of the intersections of U with the submanifolds 
of £. The leaves of £ are precisely the maximal connected submanifolds of N that are locally 
slices. The fact that h is a local homeomorphism shows not only that £ is a foliation, but that 
there is also a foliation ~4 of N whose leaves locally coincide with the fibers of the map g, and 
that these two foliations are transverse, in the sense that any point has neighborhoods that are 
simultaneously distinguished (with slices I × {q} and {p} × J) for both foliations (such an open 
set will be called bidistinguished, as in [5], on which we rely for most of the foliation terminology). 
The fol iat ion/:  can be defined without reference to M or g; .one says that £ is induced by the 
map f : N --* L (and AJ is induced by g). 
LEMMA A. 1. The leaves o f f  are the connected components of the fibers of f, with the subspace 
topology inherited from N. 
REMARK. A leaf of a foliation has a fine (or leaf) topology, with a basis consisting of the 
components of the intersections of the leaf with distinguished open sets. This topology in general 
differs from the subspace topology. Here it does not. 
PROOF. A fiber f - l (p ) ,  for some fixed p E L, is a closed subset of N. It is locally a manifold, 
hence locally path connected. Thus, its connected components are open and closed subsets in the 
subspace topology for f -1  (p). A component Z of f -1  (p) is thus a closed, embedded submanifold 
of N when it is given the subspace topology. Since a leaf A E £ is connected, and the inclusion 
map A --~ N is continuous, A lies in exactly one component Z of f - l (p) .  By maximality, A = Z. ] 
Let A E £: be a leaf, and let ~ be the union of all leaves # ~ ~4 that intersect A. More generally, 
for any open subset B C_ A, define the tube with base B to be T(S) = U{# E J~4 : # A B ~ ~}. A 
set is called invariant under A4 (or saturated for J~4) if it is a union of leaves of A4. Any tube 
T(B) is invariant under M.  
LEMMA A.2. Any tube T(B) is an open subset of N. 
PROOF. Let p E T(B). Then there is a lea f  # E ~4 so that p E # and # intersects B. Let 
q E B N #. Connect p and q by a path in #. Cover the (compact) path by bidistinguished 
open sets based at a finite number of points along the path. An induction on the number of 
bidistinguished sets shows that there is a neighborhood of the path consisting entirely of points 
path connected to B. But this shows that an entire neighborhood of p consists of points lying 
on leaves # that intersect B. | 
The following lemma is a standard result (for any foliation A/0. 
LEMMA A.3. The closure of an invariant set is invariant. 
COROLLARY A.4. Any tube T( B) has invariant opological boundary OT( B) in N. 
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LEMMA A.5. Let T (B)  be a tube. Let # E A4 be a leaf of the foliation A/i. Suppose that 
# C_ OT(B), that g(#) M g(T(B))  # O, that g is one-to-one on B, that f has dense rank k < cxD on 
the unique leaf #' C_ T(B)  of A4 with g(#) = g(#'), and that f has rank at most k on any leaf 
of A4 contained in T(B) .  Then f (#)  N f(#')  = 0. 
PROOF. Let g(#) = {v}; choose t E T(B)  such that g(t) -- v, and let #' be the leaf of A4 through t. 
Note that since T(B)  is the union of the leaves of Ad that intersect B, and g is one-to-one on B, 
any leaf ~' C T(B)  of ~[  is uniquely determined by the value g(#'). If f (~) A f (#' )  # 0, then the 
intersection is an open set, and hence it contains an open subset of the dense open set of points 
of f(#r) which have rank k. Choose u in that open set. Then there are exactly k points y l , . . . ,  yk 
of #t that have image u under f .  Choose x E # so that h(x) = h(y i) = (u, v) for 1 < i < k. Since 
x ~ # and # C OT(B), every neighborhood of x contains a point in T(B).  Since x has a Euclidean 
neighborhood, there is a sequence of points x4 in T(B)  converging to x. Then f (x i )  converges 
to u and g(x4) converges to v. So for large i, we can find, for each 1 < j < k, a point y~ near yJ, 
with the same image under h as xi. The fact that g(y~) = g(x4) means that for a fixed i, all of the 
points y~ and x~ lie on the same leaf, #4, of A/[ in T(B)  (the unique leaf #4 with g(#~) = {g(xi)}). 
Now consider f restricted to #4. There are at most k points on #~ with value u under f .  But 
for large enough i, each of the k points ~ is distinct, since they are near the distinct points yJ. 
Thus, xi must be one of the points ~.  But then there is a value of j such that x4 = yJ infinitely 
often. Replacing xi by the appropriate subsequence, it follows that x~ converges both to x and 
to yJ. Since N is Hansdorff, it follows that x -- yJ. But this is impossible, because T(B)  is open, 
and x E OT(B), whereas yJ C T(B).  Conclude that f (#) N f(#')  = O. | 
LEMMA A.6. Let # E A4 be a leaf of the foliation A4 contained in 0~. Suppose that g(#)Qg(Q) = 
{v}. Suppose also that g has rank s < oo on )~, that v has s inverse images on )~ under g, that f 
has dense rank r < oo on each leaf# t C ~ of All with g(#~) = g(#), and that the rank o f f  is no 
bigger than r on any leaf of A4 contained in ~. Then there exists a leaf #~ ~ AA, with #~ C_ f~, 
such that g(#) = g(#') and : (#)  Q f (#' )  = O. 
PROOF. Actually, this proof applies to an arbitrary tube T(B)  as well, but it will only be needed 
for the ease B = A (and hence T(B)  = f~). Let g(#) = {v}. Consider a small open disk D 
around v, such that g-1(D) N ;~ is the union of s open sets, B4, each mapped homeomorphically 
to D by the restriction of g to A. Let T4 = T(Bi) be the tube on B~. Choose a point p E #. 
Since p E 0f~, there are points in f~ arbitrarily close to p. If they are close enough to p, their 
values under g are close to v and their images under g belong to D. Then the leaf of A4 on which 
they lie intersects A in a point of some B4. But then they belong to one of the tubes T4. Take 
a sequence tending toward p. Infinitely many terms must lie in some one tube. But then p, and 
hence #, by invariance, lies in the closure of that tube. It must, in fact, lie in the boundary of the 
tube, since it is in the boundary of f~. Since g is one-to-one on B4, the previous lemma applies, 
and one concludes the existence of #r lying in the tube, and hence in f~, with g(#) = g(#r) and 
f(/~) M f(#') ---- O. | 
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